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Since [4], there has been exciting developments of the transfer operator method
in geometric space— See [1, 2, 3, 12, 14, 15]) as a subjective selection geared to-
wards this talk. The first works considered globally smooth, uniformly hyperbolic
systems but there are now results for some piecewise smooth dynamics, motivated
both by physical examples like the hard ball systems and as one of the simplest
forms of non-uniformity. Hence, these new techniques are an invitation to give a
fresh look to a number of old (and not so old) results, sometimes painfully obtained
in a restricted context.

We would like to draw the attention to three problems.

The first one is the existence and properties of Sinai-Ruelle-Bowen measures
(i.e., absolutely continuous in the unstable direction) for general piecewise hyper-
bolic systems. Under some technical assumptions, this has been accomplished by
V. Baladi and S. Gouëzel [1, 2]. The assumptions involve (i) the non-conformality
of the expanding direction which is related to the regularity defect of the unstable
foliation (and does not appear in the expanding case); (ii) the local complexity of
the discontinuities. We only consider systems with a finite number of pieces with
boundaries as smooth as the map itself.

Do all piecewise affine systems preserving complementary stable
and unstable cone fields always have a Sinai-Ruelle-Bowen mea-
sure? Is it true of most of them?

This has been shown in the expanding case by M. Tsujii [18]. One deals with (ii)
by introducing the Jacobian into the counting of discontinuities. In dimension 2
the argument is quite simple and extends to piecewise real-analytic maps [6, 16]
but not piecewise Cr maps for r < ∞ [8, 17] (r = ∞ is unknown). A less ambitious
question is to establish the above for almost all systems, say an open and dense
set of systems in a natural topology [5, 11].

The second problem is to link the above ergodic theory with the periodic struc-
ture by defining and studying appropriate Ruelle zeta functions. There are classical
results for uniformly hyperbolic systems going back to Ruelle. Such results are
now being refined and extended (see other talks in this workshop).

Can one build meromorphic extensions of the Ruelle zeta functions
for the above systems?

For piecewise expanding systems this was done in [10] by using a Hofbauer tower
as an elaborate substitute for the Markov structure. The introduction of good
Banach spaces raises the hope that this could be much simplified as was done in
dimension 1 with the consideration of sharp traces and determinants (see [13] and
the references therein).

The third problem deals with the invariant probability measures with maxi-
mal entropy (which describe ”most” of the topological dynamics and often the
distribution of periodic orbits).
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Do all piecewise affine systems which are (1) uniformly expanding;
(2) uniformly hyperbolic possess finitely many ergodic invariant
probability measures with maximal entropy? Is it true of most of
them?

This is known for the expanding case under ”smallness of the boundary entropy”
[7]. It is also known without any uniform assumption for all piecewise affine surface
homeomorphisms [5] (existence can fail for piecewise affine surface maps [8] and
finiteness can obviously fail in higher dimensions). Even for surfaces a simplified
proof and more informations about the maximal entropy measures would be very
interesting.
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[1] V. Baladi, S. Gouëzel, Good Banach spaces for piecewise hyperbolic maps via interpolation,
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