
Introduction aux systèmes dynamiques
Introduction to dynamical systems 

Dynamical systems have a key position in mathematics and their applications: « it is fundamental to 
solve differential equations » according to Newton's secret motto (loosely translating from the 
latin). It was so at the creation of celestial mechanics and modern physics, it is so today with the 
generalized use of models (to understand evolution, crystals,...)  the analysis of which, often 
requires tools from dynamical systems theory.

Functional analysis and numerical analysis deal with the existence and uniqueness of the solutions 
of such models as well as approximation schemes to these solutions. Dynamical system theory has a 
different, complementary focus: its goal is to establish the long term properties of these systems (for 
instance, the impossibility of medium term precise predictions or the the statistical analysis of long 
term behavior).

Though it may surprise the mathematical apprentice, dynamical systems also arise in some aspects 
of pure mathematics. Indeed, some problems of geometry and number theory have elegant and 
fruitful translations into dynamical questions.

The goal of this course is to explain some of these links while introducing some of the most 
fundamental ideas and techniques of the modern theory of dynamical systems. The course is 
designed both for students who plan to continue studying this theory and for students who only 
want to understand what this is about.

Program

     Topological Dynamics:

• irreducibility: transitivity, mixing, minimality;
• Birkhoff recurrence theorem;
• limit sets and attractors;
• examples of coding using symbolic dynamics; 
• topological chaos and entropy.

     Probabilistic Dynamics (or ergodic theory):

• Poincaré recurrence theorem;
• irreducibility: ergodicity, mixing, unique ergodicity;
• ergodic theorems of von Neuman and Birkhoff;
• Bernoulli schemes;

     Applications:

         Hyperbolic geometry:
• hyperbolic plane;
• modular surface;
• geodesics et horocycles;



• ergodicity of the geodesic flow;
• unique ergodicity of the horocyclic flow;

        Number theory:
• equidistribution of the fractional value of P(n), when n ranges over the integers and 
P is a fixed polynomial with degree at least 2 and at least one irrational coefficient;
• expansion in integer basis of typical or well-chosen numbers;
• continued fraction expansion and the Gauss map;
• the Gauss map and the modular surface

Prerequisite: The content of course MAT431 (systèmes dynamiques, analyse de Fourier et 
distributions) will not be used as such with important exceptions like the Cauchy- Lipschitz theorem 
on solutions of ODE. However the mathematical sophistication corresponding to this course will be 
necessary. All necessary tools from measure theory and topology will be briefly presented (or 
recalled) and used as « black boxes »

Organisation:The teaching will rely on the lecture notes, slides for every meeting and at least one 
problem to be handed-in. There will be exercice classes where students will present their solution of 
the assigned problems.
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